Abstract. We study the Kostant-Lusztig A-base of the multiparameter quantum groups. To simplify calculations, especially for G 2 -type, we utilize the duality of the pairing of the universal R-matrix.
Introduction
Quantum enveloping algebras U q (g) [3, 13] of the Kac-Moody algebras g are one of the important classes of quantum groups. Quantum enveloping algebras and their integrable highest weight representations enjoy favorable properties, among which the canonical bases of Lusztig [18] or global crystal bases of Kashiwara [15] are the most prominent ones. Existence of such canonical bases has also been established for quantum enveloping algebras U q (g) of Borcherds' generalized KacMoody algebras g [14] .
On the other hand, quantum enveloping algebras have been extended to Nichols algebras of diagonal types, which include multiparameter quantum enveloping algebras as examples, in particular, one-parameter quantum enveloping algebras U q (g) in Kac-Moody types. In [1] Andruskiuwitch and Schneider proved that finite dimensional pointed Hopf algebras with finite abelian group (with order > 7) of group-like elements are essentially Lusztig's small quantum groups and their variants. Furthermore, Heckenberger classified the Nicholas algebras with arithmetic root data [7] and proved results similar to quantum enveloping algebras (see also [8] ).
Lusztig [17] introduced the Kostant-Lusztig A-base of the quantum groups. The A-base and the finite dimensional Hopf algbebra of the quantum group at root of unity have been key figures in study of Lusztig conjectures, (see [12] for history). In this paper we establish the Kostant-Lusztig A-forms for the multiparameter quantum groups and construct invariant bases for each factor of the triangular decomposition. Our general result is based on the structure theory for multiparameter quantum groups and information on the lower rank cases, most notably the case of G 2 . The recent work of Fan and Li [4] on two-parameter quantum algebras has made us believe that one should be able to use our A-forms to construct canonical bases for the multiparameter quantum groups.
Generalized quantum groups
In this section we recall definitions and known results about multiparameter quantum groups. We will use the following notations throughout this paper. The ring of real numbers and integers will be denoted by R and Z respectively. For x, y ∈ R, let J x,y := {z ∈ Z|x ≤ z ≤ y} and J x,∞ := {z ∈ Z|x ≤ z}. Then N = J 1,∞ and Z ≥0 := J 0,∞ . Let K be a field of characteristic zero and K × := K \ {0}. For x, y ∈ K and r ∈ Z ≥0 , we denote (r) x := r−1 k=0 x k , (r) x ! := r k=1 (k) x , (r; x, y) := 1 − x r−1 y and (r; x, y)! := r k=1 (k; x, y). 2.1. Definition of generalized quantum groups. Let θ ∈ N and I := J 1,θ . Let V be a θ-dimensional R-linear space with a basis {v i |i ∈ I}. Let V Z := ⊕ i∈I Zv i , so V Z is a rank-θ free Z-module (or a free abelian group). Let χ : V Z × V Z → K × be a map such that χ(x + y, z) = χ(x, z)χ(y, z) and χ(x, y + z) = χ(x, y)χ(x, z) hold for all x, y, z ∈ V Z . We call such χ a bi-character.
Definition 2.1. Let π : I → V Z be a map such that π(I) is a Z-base of V Z . The generalized quantum group U = U (χ, π) is the unique associative K-algebra (with 1) satisfying the following conditions (i)-(v).
(ii) The following equations hold. Let q ij := χ(π(i), π(j)).
Proof. Let λ ∈ V π,+ Z . Assume that there exists X ∈Ù + λ \ {0} such that [X,F i ] = 0 for all i ∈ I. Let I (resp. I + ) be the two-sided ideal ofÙ (resp.Ù + ) generated by X. Then I = Span K (Ù −Ù 0 I + ). LetÙ ′ be the quotient K-algebrà U /I. ThenÙ ′ also satisfies the same conditions as Definition 2.1 (i)-(iv). Let g :Ù →Ù ′ be the canonical map. Then
are the K-algebra isomorphisms. We see that dim(Ù ′ )
. We also have a similar property forÙ − . Then we can see the claim of this theorem by a standard argument using a direct limit. ✷ By Lemma 2.2, we have the K-algebra automorphism Ω χ,π :
Define the bicharacter χ op :
which will be referred as the Chevalley involution. We also have the K-algebra
For U = U (χ, π), we have the following equations. See [5] for the notation .
We have (2.6)
We have
2.2. Kharchenko's Poincaré-Birkohoff-Witt theorem and Heckenberger's Lusztig isomorphisms. We recall the following theorem by Kharchenko. We also introduce some notations. 
We say that χ is (π, i)-good if it satisfies the condition that for every j ∈ I \ {i}, there exists N χ,π ij
where
Let i, j ∈ I be such that i = j. Let χ be a (π, i)-good and (π, j)-good bicharacters. We say that χ is a (π, i, j)-good bicharacter if τ χ i1 · · · τ χ im π can be defined for all m ∈ N and all i t ∈ {i, j} (t ∈ J 1,m ).
By (2.11), using the same argument as that for [6, Lemma 4], we have the following result.
Moreover if m < ∞, we have
Let χ be a (π, i, j)-good bicharacter. We say that χ is a (π, i, j)-good finite bicharacter if m in Lemma 2.5 is finite. 
and
. Then there exists a map b :
Moreover there exists z ∈ K × such thaṫ
Strict Heckenberger's Lusztig isomorphisms.
Lemma 2.7. Let i, j ∈ I, i = j and χ be a (π, i, j)-good finite bicharacter with m := m χ,π ij < ∞. Also b : I → K × be the map and z ∈ K × in Theorem 2.6. Then the following statements hold.
(2) This can be proved similarly to (1). ✷.
Proof. The claim follows from Theorem 2.4 and (2.6) ✷ Lemma 2.9. Let G be the K-algebra (with 1) defined with the generators X, Y , Z and the relations [ 
Proof. LetΓ,γ y (y ∈ J 0,1 ),ξ be Γ, γ y , ξ respectively for k = 1. Then
Thus we can see the claim. ✷ Lemma 2.10. Let a 11 := a 22 := 2(∈ K). Let a 12 , a 21 ∈ K be such that (a 12 , a 21 ) ∈ {(0, 0), (−1, −1), (−2, −1), (−3, −1)}. Let m ∈ Z ≥0 be 2 (resp. 3, resp. 4, resp. 6) if a 12 is 0 (resp. −1, resp. −2, resp. −3). Let i 2x−1 := 1, i 2x := 2 (x ∈ N). Let G be a K-algebra (with 1) satisfying the following conditions (i) and (ii).
(ii) For ℜ ∈ G and ℑ ∈ {X i , Y i |i ∈ J 1,2 }, there exists r ∈ N such that (adℑ) r (ℜ) = 0.
Proof. We can see (2.15) by Lemma 2.9. As for (2.16), for example, if a 12 = −3, by Lemma 2.9, we have
Now we show (2.17). Let ξ ′ := ξ i1 ξ i2 · · · ξ im−1 . By (2.16), for ℜ ∈ G, we see
This completes the proof. ✷
ij for all i, j ∈ I. Also assume that for every k ∈ I, there exists Θ(q kk − 1) ∈ K × such that Θ(q kk − 1) 2 = q kk − 1. Then we say that such χ is a (π, A)-admissible bicharacter. If A is the Cartan matrix of a finite-dimensional complex Lie algebra (i.e., A is a symmetrizable generalized Cartan matrix of finite-type), we call U (χ, π) a finite-type multiparameter quantum group. For a (π, A)-admissible bicharacter χ, U (χ, π) is presented by the generators given by Definition 2.1 (i) and the relations composed of those of Definition 2.1 (ii) and E 1−aij ,i,j = F 1−aij ,i,j = 0 (i, j ∈ I, i = j), which is well-known and can be proved by a standard argument along with Theorem 3.1 below.
(1) Then χ is (π, i)-good bi-character for every i ∈ I and N χ,π ij
. Then we havë q jj =q jj (j ∈ I),q jkqkj =q jkqkj (j, k ∈ I).
In particular, χ is (τ 
Proof. Claim (1) follows from (2.8). Claim (2) can be proved directly. Claim (3) follows from Claims (1) and (2) . We see directly that ̟ satisfies (2.14). As for (2.10), letting
We also have
Then we have
For i ∈ I, let
,
Let O be the Q-subalgebra of K generated byq
We also see that the elements Proof. We divide the proof into steps.
Step 1. Assume thatq is transcendental over Q and thatq
, and we see that f (K π(k) ) is a central element of (U O ) 1 . So we can consider the quotient Q-algebra
. By Lemmas 2.7, 2.8 and 2.10, we have (2.20).
Step 2. Let U ′ denote the U of Step 1, and letq denoteq for U ′ . Thenq is transcendental over Q. Assume that thatq j ′ i ′ = 1 for all i ′ , j ′ ∈ I with i ′ < j ′ . We use a specialization argument withq →q; thisq is the one for U of this step. We can obtain (2.20) from Step 1 by considering the O-subalgebra of U ′ generating by
, E t , F t (t ∈ I) and using Lemma 2.2.
Step 3. General cases. Repeat the same arguments as in Step 2. ✷ 2.4. Drinfeld pairing. Let U = U (χ, π) be the generalized quantum group. We regard U = U (χ, π) as a Hopf algebra (U, ∆, S, ε) with ∆(
For i, j ∈ I with i = j and r ∈ Z ≥0 , if E r,i,j = 0, we have
) and in a standard way (see [3] ), we have a bilinear form ϑ = ϑ χ,π : U +,♭ × U −,♭ → K with the following properties:
r − with y ∈ J 1,3 ) are any elements of U +,♭ and U −,♭ respectively satisfying ∆(
It follows that ϑ χ,π
Kostant-Lusztig A-form
In this section we establish the Kostant-Lusztig A-forms for the finite-type multiparameter quantum group U = U (χ, π) (see Definitions 2.1 and 2.11) and construct invariant bases for each factor of the triangular decomposition. Let A = [a ij ] ij∈I be a Cartan matrix associated with a finite dimensional complex simple Lie algebra, i.e., A is a symmetrizable generalized Cartan matrix of finite-type. We assume that χ is a (π, A)-admissible bicharacter (see Definition 2.11). Recall the symbols q ij ,q ij and Θ(q ii − 1). Let W be the Weyl group associated to the Cartan matrix A and generated by the simple reflections s i (i ∈ I) with relations s 2 i = e (i ∈ I) and (s i s j ) m χ,π ij = e, (e is the identity element of W ). Note that W is the finite Weyl group.
3.1. Some standard notations and results. Define the map ℓ : W → Z ≥0 by ℓ(e) := 0 and ℓ(w) := min{r ∈ N|∃i t ∈ I (t ∈ J 1,r ), w = s i1 · · · s ir }. In fact ℓ is the length map of the Coxeter system (W, {s i |i ∈ I}). It is well-known that |ℓ(ws i ) − ℓ(w)| = 1 for w ∈ W and i ∈ I.
. By Theorem 2.13, id χ,π T w is independent of the choice of reduced expressions for w.
It is well-known that there exists a unique w • ∈ W such that ℓ(w) ≤ ℓ(w • ) for all w ∈ W ; w • is called the longest element. We also know that ℓ(w • ) = |R Let n = (n 1 , . . . , n ℓ(w•) ) ∈ I ℓ(w•) be such that s n1 · · · s n ℓ(w• ) = w • (reduced expression of w • ). For t ∈ J 1,ℓ(w•) , let β n;t := s n1 · · · s nt−1 · π(n t ). By (2.11) and Lemma 2.12, we have (see [10, 1.7] ) R π,+ χ = {β n;t |t ∈ J 1,ℓ(w•) }.
Thus R π χ can be identified with the root system of W . For t ∈ J 1,ℓ(w•) , let E n;t := id χ,π T sn 1 ...sn t−1 (E nt ), F n;t := id χ,π T sn 1 ...sn t−1 (F nt ),
(E n;1 := E n1 , F n;1 := F n1 ,Ē n;1 :=Ē n1 ,F n;1 :=F n1 ), that is, E n;t = E n;t Θ(q ntnt − 1) = E n;t Θ(χ(β n;t , β n;t ) − 1) .
Let n 0 ∈ I be such that s n0 w • s n ℓ(w• ) = w • . By Theorem 2.13, using a standard argument (see [11, Proposition 8 .20]), we have (3.2) E n;ℓ(w•) = E n0 , F n;ℓ(w•) = F n0 ,Ē n;ℓ(w•) =Ē n0 ,F n;ℓ(w•) =F n0 .
The following result can be proved by a standard argument (see [2] , [9] for example). (1) Let σ : J → J be a bijection. Then the elements
form a K-basis of U + . (2) Let y, z ∈ J be such that y < z. Let X be a K-subalgebra of U generated by the elements E n;x (x ∈ J y+1,z−1 ). Then (3.3) E n;y E n;z − χ(β y , β z )E n;z E n;y ∈ X.
(3) We have
where x t , y t ∈ Z ≥0 (t ∈ J).
3.2. Type G 2 . In this subsection we assume θ = 2 (so I = J 1,2 ), and A = [a ij ] ij∈I is the Cartan matrix of type G 2 . So a 12 = −3 and a 21 = −1. Consider the generalized quantum group U = U (χ, π). Let q ij be as in Definition 2.1 and χ be a (π, A)-admissible bicharacter. Let q := q 11 and a := q 12 . Then q 22 = q
Then we havê
By (3.4), {Q 1 (a)|a ∈ Z 6 ≥0 } and {Q 2 (a)|a ∈ Z 6 ≥0 } are K-bases of U (χ, π). LetÁ be the Z-subalgebra of K generated by q ±1 and a ±1 , i.e.,Á = Z[q ±1 , a ±1 ]. For t ∈ J 1,2 , let g t be theÁ-submodules of U +,♭ with theÁ-bases {Q t (a)K λ |a ∈ Z 6 ≥0 , λ ∈ V Z }. Clearly g 2 is aÁ-subalgebra of U with ∆(g 2 ) ⊂ g 2 ⊗Á g 2 . By (2.21) and (3.4), we see the following. As aÁ-subalgebra of U , g 1 is generated by
Then g 2 is also a HopfÁ-algebra.
Let n := (1, 2, 1, 2, 1, 2) ∈ I ℓ(w•) . Then we have (3.6)Ē n;1 =Ē 1 ,F n;1 =F 1 (= Υ χ op ,π (Ē n;1 )),
(2)q!Θ(q 3 −1)Θ(q−1) 2 E 112 ,F n;3 =q 
where recall thatq 2 ij = a. Let n ′ := (2, 1, 2, 1, 2, 1) ∈ I ℓ(w•) . By (2.19) and (3.2), we have (3.7)Ē n ′ ;t = Γ χ op ,π (Ē n;7−t ),F n ′ ;t = Γ χ op ,π (F n;7−t ) (t ∈ J 1,6 ).
Letḡ
+ be theÁ-subalgebra of U generated byĒ x i (x)q ii ! (i ∈ I(= J 1,2 ), x ∈ Z ≥0 ) and K λ (λ ∈ V Z ). Let y 2t−1 := q, y 2t := q 3 for t ∈ J 1,3 . Let y ′ t := y 7−t for t ∈ J 1,6 . By (3.3), (3.5), (3.6) and (3.7), we see the following.
(3.8)
For a bijection σ : J 1,6 → J 1,6 , the elements E x 1 n;σ (1) (x1)y σ(1) ! · · ·Ē x 6 n;σ (6) (x6)y σ(6) ! K λ (resp.Ē ! K λ ) (x t ∈ Z ≥0 (t ∈ J 1,6 ), λ ∈ V Z ) form aÁ-base ofḡ + .
g + is a HopfÁ-subalgebra of U .
Letḡ − be theÁ-subalgebra of U generated byF x i (x)q ii ! (i ∈ I(= J 1,2 ), x ∈ Z ≥0 ) and L λ (λ ∈ V Z ). By (3.6), (3.7) and (3.8), we see the following. For a bijection σ : J 1,6 → J 1,6 , the elements F x 1 n;σ (1) (x1)y σ(1) ! · · ·F x 6 n;σ (6) (x6)y σ(6) ! L λ (resp.F ! L λ ) (x t ∈ Z ≥0 (t ∈ J 1,6 ), λ ∈ V Z ) form aÁ-base ofḡ − .
g − is a HopfÁ-subalgebra of U .
General case.
Let A be the Z-subalgebra of K generated byq ±1 ij for all i, j ∈ I. n = (n 1 , . . . , n ℓ(w•) ) ∈ I ℓ(w•) be as in Subsection 3.1. Let π 0 := π and π t := τ χ nt · · · τ χ n1 π (t ∈ J 1,ℓ(w•) ). For t ∈ J 1,κ and x ∈ Z ≥0 , let E (x) n;t :=Ē If |I| = 2 and A is of type G 2 , the result is obtained in (3.8) and (3.9). For other rank two types, the claim can be proved in a similar and in fact easier way.
Let us consider the higher rank cases. Let Z be the free A-submodule of U + with the free A-basis formed by the elements of (3.10) (for σ := id J 1,ℓ(w• ) , see Theorem 3.1 (1)). By an argument similar to [11, Proposition 8.20 ] and by the claim for rank-two cases, we see thatĒ 
